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In the last years hybrid Transmissions have spread world-
wide in the automotive industry due to their excellent power 
performance and good fuel economy. The design of parallel 
hybrid automatic manual transmission (AMT) with electric 
torque support using one electric motor is a good solution of 
obtaining high transmission efficiency and low manufacturing 
cost. The gear pairs between the combustion engine (CE) shaft 
and electric motor (EM) shaft are assigned to form the new 
architecture of three degrees of freedom (DOFs) AMT with 
electric torque support, which provides several CE gears ratios 
and several EM gears ratios. All theoretical layouts of parallel 
hybrid AMT with three shafts are presented and classified into 
four types. And the synthesis of the gear ratios sequence is de-
veloped to satisfy power shifting. The gear ratios can be divid-
ed into direct gear ratio and generated gear ratio. The ratio de-
sign of generated gear is dependent on the ratio of the direct 
gears, so the design of gear ratio can be transformed into the 
solution of over-determined nonlinear equations. An algorithm 
of minimax solution for over-determined nonlinear equations is 
presented to design and evaluate gear ratios. The three-DOF 
three-shaft AMT with electric torque support are designed to 
obtain seven CE gear ratios. This paper helps to further the un-
derstanding of the systematic design of parallel hybrid AMT 
with electric torque support.  
 
1 Introduction 
Automated Manual Transmissions are not only the most ef-
ficient automated transmissions, but also the most inexpensive 
ones. However, because of the torque interruption during shifts, 
conventional AMTs are only applied to the vehicles where shift 
comfort is not the key role. The design concept of AMT with 
electric torque support is to bring back AMT by eliminating its 
torque interruption. Previous investigations have shown that 
parallel hybrid transmission represent the best compromise 
between fuel efficiency and costs [1].  
Generally, according to the layout of motor, there are three 
categories AMTs with electric torque support, namely the types 
of front-motor, rear-motor and motor on one counter-shaft. The 
hybrid AMTs with more shafts are better to achieve wider gear 
range and multiple speeds without increasing package space, 
weight and costs. For example, FEV developed a design con-
cept of hybrid AMT with three shafts to obtain multiple gear 
ratios [2]. Because conventional AMTs are designed using two 
degrees of freedom (DOFs) methodology, it results in the in-
crease of gear pairs and synchronizers. For the configuration 
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with three shaft, the engine and the electrical motor need at 
most two gears paris to transmit power to the output shaft,  so 
the degree of freedom of mechanism can be up to three. 
Therefore, a three-DOF design methodology for AMT with 
electric torque support must be introduced [3, 4].  
In this paper, according to the gear pairs between shafts, 
the different layouts of parallel hybrid AMT with three shafts 
are synthesized and classified. Furthermore, all possible power 
flows can be listed. A systematic synthesis method of gear ratio 
sequence based on the power-shift requirements is developed. 
Then, the maximum numbers of gear ratios for CE and for EM 
are deduced. Finally, a solution algorithm of over-determined 
nonlinear equations is presented to design gear ratios and eval-
uate the design.  
2 Structure and Classification of hybrid AMT with 
several shafts 
According to the layout of gear pairs between shafts, 
AMTs with electric torque support and three shafts are classi-
fied into four types as shown in Fig.1. The shafts are denoted as 
the circles with different colors, the black circle corresponding 
to the input shaft connected to combustion engine (CE), the red 
circle corresponding to the input shaft connected to electric 
motor (EM) and the blue circle corresponding to the output 
shaft, respectively. The symbols x, y, z represent the numbers 
of constant meshing gear pairs between two shafts. 
The power flows of three-shaft AMT with electric torque 
support are illustrated in Fig.2. There are two kinds of power 
flows of gear ratios for the CE and EM, namely the direct gear 
ratios of Fig.2 (a) and (b) and the generated gear ratios of Fig.2 
(c) and (d) which are generated additionally because of the ad-
ditional gear pairs between the CE input shaft and EM input 
shaft. The theoretical possible gear ratios of CE and EM for the 
three-shaft AMTs in Fig.1 are presented in Table 1. The analy-
sis results show that the additional gear pairs between the CE 
input shaft and EM input shaft can increase the number of 
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Figure 2 Power-flows of CE and EM gear ratios 
3 Power-shift sequence synthesis of gear ratios  
The AMTs with electric torque support is aimed to elimi-
nate the torque interruption of conventional AMT. Therefore, 
the control units during a shift between two gear ratios need to 
fulfill the requirements of power shift and their number is no 
more than two. And the reasonable sequences of gear ratio are 
analyzed as follows. 
The method of AMT with electric torque support to over-
come the torque interruption is different with that of dual clutch 
transmission (DCTs)[6]. When one group of control units of 
hybrid AMT is connected, one CE gear ratio and one EM gear 
ratio need to be worked simultaneously, which is called a work 
mode. In order to overcome the torque interruption, one of the 
two CE and EM gear ratios keeps work when the power-shift 
between two modes occurs. Because the ratio range of EM is 
wider than the CE, one EM gear ratio can work with several CE 
gear ratios. However, the number of CE gear ratios that the EM 
gear ratio can cover is no more than three. At the same time, in 
order to minimize the volume and weight, the first gear ratio of 
CE is better to obtain with multiple gear pairs.  
According to those requirements, the reasonable power-
shift sequences of gear ratios for three-shaft hybrid AMTs in 
Fig.(1) are synthesized to obtain seven CE gear ratios at 
least, as shown in Table 2. One work mode of hybrid AMT 
is denoted as 
 [ , ]i j i k
x y x z
CE EMR R  
(1) 
where R is the gear ratio of CE and EM. The symbols, x, y 
and z, are denoted as the gear pairs between different shafts and 
the subscripts, i, j and k, are denoted as the number of gear 
pairs. Because all the CE gear ratios are the direct gear ratios 
and without generated gear ratios, in order to obtain 7 gear ratio, 
it need 7 gear pairs for CE and at least 3 gear pairs for EM. 
Therefore,  the power-shift gear ratio sequence of the scheme in 
Fig.1 (a) needs 10 gear pairs, which result in the increase of 
volume and weight of AMT. For the schemes in Fig.1 (b), there  
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Table 1 Theoretical possible gear ratios of three-shaft hybrid AMTs in Fig.1 
Types Number of CE gear ratios Number of EM gear ratios 
Fig.1(a) x y 
Fig.1(b) x xz 
Fig.1(c) zy y 
Fig.1(d) x+zy y+zx 











( ,CE EMn n ) 
Power-shift sequence of gear ratios 
Actual num-
ber of gear 
ratios 
( ,CE EMn n ) 
Fig.1(a) 10 (7,3,0) (7,3) 
31 1 2 1 1
3 52 4 2 2
5 3 6 3 7 3
[ , ],[ , ],[ , ],
[ , ],[ , ],[ , ],
[ , ],[ , ],[ , ],
xx y x y y
CE EM CE EM CE EM
x xy x y y
CE EM CE EM CE EM
x y x y x y
CE EM CE EM CE EM
R R R R R R
R R R R R R
R R R R R R
 (7,3) 
Fig.1(b) 8 (7,0,1) (7,7) 1 1 1[ , ]
x x z
CE EMR R  (1,1) 
Fig.1(c) 8 (0,1,7) (7,1) 
3 11 1 1 2 1 1 1
5 14 1 1 1
6 1 7 11 1
[ , ],[ , ],[ , ],
[ , ],[ , ],
[ , ],[ , ]
z yz y y z y y y
CE EM CE EM CE EM
z yz y y y
CE EM CE EM
z y z yy y
CE EM CE EM
R R R R R R
R R R R
R R R R
 (7,1) 
Fig.1(d) 
6 (1,2,3) (7,5) 
3 11 1 1 2 1 1 1
1 1 1 1 1 1 2 1
3 11 1 2 1 2 2
3 22 2 2 2
[ , ],[ , ],[ , ],
[ , ], ([ , ],[ , ],
[ , ]),[ , ],[ , ],
[ , ],[ , ]
z yz y y z y y y
CE EM CE EM CE EM
x y x z x x z x
CE EM CE EM CE EM
z xx x y z y y
CE EM CE EM CE EM
z yz y y y
CE EM CE EM
R R R R R R
R R R R R R
R R R R R R







7 (1,3,3) (10,6) 
3 11 1 1 2 1 1 1
1 1 1 1 1 1 2 1
3 11 1 2 1 2 2
3 22 2 2 2
[ , ],[ , ],[ , ],
[ , ], ([ , ],[ , ],
[ , ]),[ , ],[ , ],
[ , ],[ , ]
z yz y y z y y y
CE EM CE EM CE EM
x y x z x x z x
CE EM CE EM CE EM
z xx x y z y y
CE EM CE EM CE EM
z yz y y y
CE EM CE EM
R R R R R R
R R R R R R
R R R R R R







7 (2,2,3) (8,8) 
3 11 1 1 2 1 1 1
1 1 1 1 1 1 2 1
3 11 1 2 1 2 2
3 22 2 2 2 2 2
2
[ , ],[ , ],[ , ],
[ , ], ([ , ],[ , ],
[ , ]),[ , ],[ , ],
[ , ],[ , ],[ , ],
([ ,
z yz y y z y y y
CE EM CE EM CE EM
x y x z x x z x
CE EM CE EM CE EM
z xx x y z y y
CE EM CE EM CE EM
z yz y y y x y
CE EM CE EM CE EM
x z
CE EM
R R R R R R
R R R R R R
R R R R R R
R R R R R R
R R 3 21 2 2 2 2 2],[ , ],[ , ]),
z xx x z x x









7 (2,3,2) (8,7) 
1 1 1 2 1 1 1 1
1 1 1 1 2 1 1 2
1 2 2 2 2 2 2 2
32 1 2 2 2 2 2
1 3
[ , ],[ , ],[ , ],
([ , ],[ , ]),[ , ],
[ , ],[ , ],[ , ],
([ , ],[ , ]),[ , ],
[ ,
z y y z y y x y
CE EM CE EM CE EM
x z x x z x x y
CE EM CE EM CE EM
z y y z y y x y
CE EM CE EM CE EM
yx z x x z x x
CE EM CE EM CE EM
z y
CE EM
R R R R R R
R R R R R R
R R R R R R
R R R R R R
R R 3 2 3 3],[ , ]
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7 (3,2,2) (7,8) 
1 1 1 2 1 1 1 1
1 1 1 1 2 1 1 2
1 2 2 2 2 2 2 2
3 3 1 3 3 2 32
[ , ],[ , ],[ , ],
([ , ],[ , ]),[ , ],
[ , ],[ , ],[ , ],
[ , ], ([ , ],[ , ])
z y y z y y x y
CE EM CE EM CE EM
x z x x z x x y
CE EM CE EM CE EM
z y y z y y x y
CE EM CE EM CE EM
x x z x x z xy
CE EM CE EM CE EM
R R R R R R
R R R R R R
R R R R R R







is without CE generated gear ratios and the power-flow of EM 
gear ratios overlaps with the power-flow of CE gear ratios. All 
the gear ratios cannot satisfy the requirements of power-shift. 
In Fig.1 (c), it only can obtain one EM gear ratio, which results 
in a wider ratio range of EM, it is also unreasonable. 
In order to decrease the number of gear pairs, the scheme 
of Fig.1 (d) is developed, the power-shift sequences of which 
are presented with different assignments of gear pairs in Table 
2. When the number of gear pairs are assigned as (nx =1, ny =2, 
nz =3) and (nx =1, ny =3, nz =3), one EM gear ratio needs to 
cover four CE gear ratios in order to satisfy the power-shift 
requirements, which needs a EM with wider ratio range. The 
other assignments of gear pairs, such as (2,2,3), (2,3,2) and 
(3,2,2) in Table 2 are better than the two assignments to obtain 
three-shaft three-DOF AMT with electric torque support and 



















(a) Gear pair (2,2,3)  (b) Gear pair (2,3,2)  (c) Gear pair  (3,2,2) 
Fig.3 Structure schemes of three-shaft three-DOF AMTs 
The corresponding structure schemes of three-shaft three-
DOF AMT with those three assignments of gear pairs are pre-
sented in Fig.3 (a), (b)[2] and (c), respectively.The gear pairs 
with number z in Fig.3 are denoted as the gear pairs between 
the CE input shaft and the EM input shaft, which do not include 
the idle gears in the output shaft.  
According to the power-shift sequence analysis of gear ra-
tio in Table 2, the excellent assignments of gear pairs for three-
shaft three-DOF AMTs with electric torque support and seven 
or more CE gear ratios are summarized as  
 















4 Gear ratio design of AMT with Electric Torque Sup-
port  
In the AMT with electric torque support, the CE gear ratios 
play a key role and the function of the EM gear ratios is to pro-
vide torque support to overcome the torque interruption during 
a shift. Therefore, the design of gear ratios is based on the re-
quirements of CE gear ratios. Because there are direct gear rati-
os and generated gear ratios and the generated gear ratios are 
dependent on the direct gear ratios, the gear ratio design of hy-
brid AMT is over constraint and can be translated into the solu-
tion of over-determined linear equations. 
Table 3 Gear ratio design of three-shaft AMTs with electric torque support 
Assignment 
( , ,x y zn n n ) 
Gear ratios 
( ,CE EMn n ) 
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According to the engineering requirement of vehicle, the 
first gear ratio and the last gear ratio are given in this paper. 
The first gear ratio is generally used to launch the vehicle under 
all circumstances, such as trailer towing or uphill driving. The 
purpose of the last gear is to drive at moderate highway speed 
under good fuel economy. Base on the general requirement of 
passenger car[5], the design parameters of first gear ratio and 
last gear ratio are 5.6 and 0.64 assuming the reduction gear 
ratio of differential mechanism equals to three in the paper. In 
order to improve the driving performance, intermediate gear 
ratios are calculated in a manner that ratio steps form a geomet-
ric sequence. Considering the frequency of each gear ratio, pro-
gressively smaller ratio steps from low gear to high gear will be 
designed to fit the engine power curve for improved fuel econ-
omy. Therefore, the CE gear ratios for AMT with electric 

























































 equals to 0.7 according to the requirement of ratio step 
between the first gear ratio and the second gear ratio. Therefore, 
the value of r is solved based on the given first gear ratio and 
last gear ratio and equals to 0.8. Besides, the requirement gear 
ratios of AMT with electric torque support and seven CE gear 
ratios are listed as 
1 2 3 45.6, 3.30, 2.10, 1.44,R R R R   
5 6 71.04, 0.80, 0.64R R R   .Taking the scheme of Fig.3(c) as 
an example, the equations of gear ratios are written as  
 



































where i is the basic gear ratio of each gear pair and the sub-
scripts are denoted as the corresponding gear pairs. By taking 
the minimization of the infinity norm and Euclidean norm of 
each gear ratio as optimization objective, the solution of the 
over-determined nonlinear equations can be transformed into 
optimization problems of several variables shown as Eq. (5) 
and (6). 





mi n(( (( ( ) ) / ) ) )
i
i if i R R
 
(6) 
where f(i) and Ri are denoted as the design ratio and required 
ratio, respectively. According to the engineering experience, 
the design of gear ratios is acceptable if the infinity norm is less 
than 6%. The gear ratio designs for the three-shaft AMTs with 
seven CE gear ratios in Fig.(3) are presented in Table.4. The 
percent error bar of each gear ratio is available. Among the 
three three-shaft AMTs, the one with gear pair assignment of 
(3,2,2) is better than the other two schemes.  
Compared with other design methodology, the methodolo-
gy can meet the  design requirements of gear ratios with  less 
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gear pairs, and the gear ratios be optimized. The results show 
that the scheme can meet the design requirements, and the error 
of gear ratios is in reasonable range. 
5 Conclusions 
The paper contributes to a design methodology of three-
DOF AMT with electric torque support. The number of DOF 
increases by assigning gear pairs between the CE input shaft 
and the EM input shaft. Firstly, difference layouts of gear pairs 
for three-shaft AMT with electric torque support are presented. 
Furthermore, according to the power-shift requirements, the 
sequence synthesis of gear ratio is analyzed. The results show 
that the number of gear pairs of three-shaft AMTs with three 
DOFs is less than that of 2-DOF AMTs to obtain the same 
number of gear ratios. Finally, an algorithm of minimax solu-
tion for the over-determined equations is applied to design the 
gear ratios. Three 3-shaft AMTs with electric torque support 
and seven CE gear ratios are obtained for passenger cars.  
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